HOW MANY GIFTS?

All right, here are two ways to solve the problem, OTHER than simply adding all the numbers up (which takes too long, and is very inelegant).  Plus, with the second way, you can tell after any given day how many gifts have been received to that point.

One way

You notice that on the first day, there's only one gift.  On the second day, there are one (partridge) + two (turtle doves), and so on.  On the fifth day, there are 1+2+3+4+5 gifts.  That means that after n days, there have been n partridges ("ones"), n-1 doves ("twos"), and so on, down to 1 "n".  In table form, it's like this after 12 days:

	Gift
	Number of Gifts per Day
	Number of Days Given

	Partridge
	1
	12

	Turtle Doves
	2
	11

	French Hens
	3
	10

	(whatever else)…
	4
	9

	…
	5
	8

	…
	6
	7

	…
	7
	6

	…
	8
	5

	…
	9
	4

	…
	10
	3

	…
	11
	2

	…
	12
	1


To get the total gifts given, just multiply each row, and add the totals.  So, it's
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Noting the symmetry in the table, we can just add up through the 
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 row and multiply the whole thing by 2.  In math lingo, this can be written
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and it comes out to:
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364 gifts total.

Notice I still had to do some stuff manually, like add the numbers from 1 through 6 up, and also add their squares up.  This is a very bad solution, since it's quite dependent on knowing how many days I was going to want before I started.  Better would be a general solution that works for any number of days:

The other way

This is the "way cool" way.  On the first day, there is one gift given.  On the second day, there are three, and on the third day, six gifts.  On the fourth, ten gifts, and so on.  The pattern here can be seen in Pascal's Triangle:
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The top row of the Triangle is row 0, the next row is row 1, and so on.  You can see that the pattern of how many gifts are given each day (or, say, on day number n) is given by the third number in row (n + 1), which has been made bold in the Triangle above.  On the sixth day, for example, you see that there are 1 + 2 + 3 + 4 + 5 + 6 = 21 gifts given, which is the third thing in row 7 (the one that starts 1   7  …).
This isn't magic.  These numbers 1, 3, 6, 10, 15, 21, etc., are known as Triangular Numbers, because you can make a perfect triangle out of 1 dot, 3 dots, 6 dots, etc., like this:
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Pascal's Triangle has LOTS of patterns embedded within it, and this is just one of them.  Ho hum.
Anyway, to find the TOTAL number of gifts given up to and including any one particular day, you have to add all the "each day" totals up.  These numbers are also in the Triangle, and they're the numbers that have been italicized.  After one day, there's been 1 gift given.  After two days, a grand total of 4 gifts (one from the first day, and then the three from day two), and so on.  Generalizing this formula (which is the one we want for our solution), we can say that:

The total number of gifts given up to and including day n is given by the fourth number in Pascal's Triangle row (n + 2).

Now, how do we find out what that number is in the Triangle?  Pascal's Triangle can be generated row by row by adding (the bad way), or by using a thing called Combinations.  The definition of this is:

The Combination of n things taken r at a time, denoted 
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, is given by 
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, where n! is the factorial function.  The good news is that most calculators have a Combinations button on them, so you can just get the answer without going through the factorial mess.
What does this have to do with the Triangle?  Well, the rth number of the nth row of Pascal's Triangle is given by (you guessed it!) the Combination 
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!  (The "r -1" is because the first number in each row is technically the 0th element.  Details….)  

So, to get the total number of gifts given after the nth day, we just have to find the 4th element of row (n + 2), which is 
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.  If we're talking about the 12th day (which we were, remember?), then the desired Combination is 
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, which is 364 gifts.  Whew!

*  *  *  *  *  *  *  *

What if there were 15 days of Christmas?  Then, a grand total of 
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, or 680 gifts, would have been given.  20 days would give a total of 1540 gifts, and if every day was Christmas (let's say 365 days), then after a year, your plastic would have been melted to the tune of 8,171,255 gifts!
The power of being able to generalize it this way is why this is the cool way to do it.
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